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We expand multivariate Bernstein approximation asymptotically in this paper.
Our results generalize Bernstein's asymptotic formulae (C. R, Acad. Sci. URSS
(1932), 86-92) to the multivariate setting, - 1992 Academic Press, Inc

INTRODUCTION

Bernstein approximation, the approximation of functions by using
Bernstein polynomials, is one of the classic research topics but is a very
rich one. It dates back to 1912 and thousands of research papers related to
this topic have been published since then (cf. [8, 3, 47). Recently, the muiti-
variate version of Bernstein polynomials called polynomials in B-form has
attracted much attention and has become one of the main tools in com-
puter aided geometric design and in multivariate spline approximation for
the representation and computation of piecewise polynomial functions. The
theoretical results and applications of multivariate Bernstein polynomials
are well summarized in [2]. These motivate us to study the multivariaie
Bernstein approximation. In this paper, we are interested in obtaining the
multivariate generalization of the asymptotic formulae of Bernstein
approximation (see [9] and [1] or [5]).

Since the multivariate version of Bernstein approximation has attracted
only sporadic attention as yet, there is not much research on the
generalization available in the literature. However, the bivariate generaliza-
tion was considered by Stancu. (See, e.g., [6, 7].) But he did not obtain the
asymptotic constant and only bivariate Bernstein polynomials defined on a
standard triangle were studied.

We are going to expand asymptotically the multivariate Bernstein
approximation on an arbitrary s-simplex in R’, s> 1. To be precise, let
v0, ., v'e R* be s+ 1 distinct points such that the volume of the s-simplex
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VO, .., v of v9, .., v¢ is positive. Denote T=<v° .., v*). Then for each
x € T, there exist unique 4, ..., 4; such that

with >_,A;=1and 4,20, i=0, .., s.

This (s+ 1)-tuple 4= (4o, ..., 4,) is called the barycentric coordinate of x
with respect to T. Tt is well known that any polynomial p,(x) of total
degree < n can be expressed by using ihe basic functions

B (A) :=—" A% aeZ°F! with |a| =n
o +

in the form

which is called p,(x) in B-form as in [2]. Here, as usual, for any
o = (g, ;) € Z°FY, o] = 0 + -+ + a, and a! = og!---a,!. Also,
RS FIETR ol

Let x,= (1/|a]) 35_, ;¥ for any a € Z**'. For any continuous function
f(x) defined on T it is well known that the multivariate Bernstein poly-
nomials

B,(f;x):= Y f(x,)B,()

lxl =n
S+
xeZ

converge to f(x) uniformly on T as n — o0.

Our problem is to find the asymptotic expansion of B,(f; x)— f(x). We
state our main results in the next section and prove them in the section
after.

1. STATEMENT OF MAIN RESULTS
Define the polynomials S7(x) of degree y by

Six)=n""3  (x,—x)" B,(4)
laf=n

s+ 1
xeZ

for ye Z*, . Then §’(x) satisfies the following recurrence relation.
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TueoreM 1. For je {1, ..,s} andyeZ®_,

$1.a00= 3 A0 B (v () Dl =0) S50 .00
i=0 B <

/3;=

Here S<y iff B;<y,. j=1,.,s5 and x=(x,.,x,), v=(v),..,0}
i=0, .., 5. Let us assume that f(x) is sufficiently smooth. Then f(x,} has the
Taylor expansion at x

= 1 k )
-3 k—hék(},)Df(X)(xa—X)

}eZi
for any ae Z°7! with |a| =n. Thus,

B(fix)—f(x)= 3 f(x,) BA) — f(x)

]atl—n
Zr+l

1 f 1 7
sz ;;D’ f(x) =5 S50x)
oy

| . i
.ZZS ')’_'D}f( ) MS(X
If,'l>2+

since Bernstein polynomials preserve linear polynomials, ie., §7(x)=10 for
<L

In order to obtain the asymptotic expansion of B,(f; x) — f(x), we need
to further our study on S’(x). We have the following lemmas.

LemmA 1. Fix iy,..,0€{0,1,..,5}. Let BeZ°F" be the multi-integer
such that o, ---a,=0af for a=(ag, a,,..2,). Then there exist positive

K

integers CP = [1;-0 [057,1 85, v < B such thar

Y Ay B (A= Y Cln(n—1)--(a—iyl+ DA,
;;';;I S158 .0

where ¢,(t) :=t* and [0; J1: =100, 1, .., j1 ¢, denotes the jth order divided
difference of ¢,.
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Furthermore, let P{ be a collection of /-partitions of {1, .., k}. Here, an

l-partition of {1,..,k} is a set of index subsets {(,, .., I,) Lnl=3,
i, j=1, ..., 1, and U,_l :={1, .., k}}. Denote by |P¥| the cardinality of P}.

Then

LEMMA 2. Let B*=ke' and y'=le' with I<k. We have
|Pf| = C% =T0;1] ¢

Hence, for any y<p with y,> 1 if §,#0,

where ® J_, P% denotes the tensor product of partltlon collections P”'
In partlcular |PX|=1, |P*| =1, and |P§_,|=(5) for k> 1.

With the lemmas above, we can show the following

THEOREM 2. For any yeZ’, with |y| =2,

nn—1)---(n—k+1)
n'?l

ﬁ (i ij(vf'—x)"i>.

171
__Sn — Z

k=1 B .. ﬂkez’
Bl+ -+ =

Since 37 4;(v/ —x)¢'=0 for any standard unit vector e'e Z°,, we have
the following

CoRrROLLARY. For any yeZ°, with |y| =2,

t o, I 22 nn—1)---(n—k+1)

lvlS (x): Z Z nb’l
k=1 plL..peZ

Bla .+ Ty

1Bl =2,i=1,. .k

H(Zwer==r)

In particular, for |y| =2 and 3, we have
SH(x) = Z AV —x)".

For ye Z°, with |y| =4, we write y=y(1)+ (2} + y(3) + y(4) with |p(i}| =1
for i=1, 2, 3,4 and have
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1 1 ¢ ; r(n—1}
— S%(x)= - LAv —x) + .
T S5(X) nl,l—ljgo i ) T
X[i A (v —x )2 z (vi - x 3 =3
i=0 =
+ i A (vi—x) =3 Z v — x )7+
J it
i=0 i=0
+ Z (v — x)H D+ v z Avi— ),(zmm}
- =

Therefore, we finally reach our conclusion.

THEOREM 3. For any fe C*(T),

im w[ B 0-s00- 5, £ 5 by

oo yeZ’, }'
iyl <2k —
1 k : )
=2 5 2 H(Zm(v’—x)ﬁ)wﬂx).
yeZ’, Ve Bl..peZ, i=1\j=0

bl=2k .. 4py
Bl=2,i=1,..k

When T=[0, 1] with v=0 and v' =1 and hence A,=1 —x and 4, = x,
the asymptotic expansion above becomes the Bernstein expansion in [1]
or [5] since

O
’y! ﬁl Bkezs (2]{}!
Bl -+ pmy
|[3’|—2!—1 Wk

5
TfZ+

and

i
Y (v —x)F =x(1-x), Vi=1,..,k
i=0

For k=1 and k=2, we have the following

COROLLARY. For any fe C*(T),

lim n[B,(f;x)—f(x)]= ¥

!
n— yez’ VA
7] =

A; (v’—x)’) Df(x).
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For any fe CXT),

. 2 —‘—1_

lim 2 [B,,(f;x)—f(x)— Y

n->o0 ')'EZ:_,_ n ‘y~
[yl=2.3

X Zslij(vj—x)V) Dyf(x)]

j=0

> (f: lj(vj—x)ﬂl)

yE 5_2’))! ﬂl,ﬂzez'r+ =0

2. PrROOFs oF OUR RESULTS

Proof of Theorem 1. Define a generating function g of §7(x), ye Z*, by

glt;x)= Y (X)<n), x, teR".

yeZ® '}"
Then
x)yty
gtx)= 3} Z ————B,(4)
o =n yeZJ
aEZS+1
= Z e(x“_x)"Ba(i)
el =n
aEZs++l
=ext Y (”) P UM Sigaivi-t)a
laf=n \&
ust,,“

£ . n
=€x't<z )”_ev‘. /,,> .
i=0

It follows that for each je {1, 2, .., s},

og ng oL v .
==X, gt ) A 2e" Y
or TS e ,.:ZO n

J
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We obtain the following after some simplification:

g« O.tim oy 08
Wogn Y8 d(e¥ v gvumy 28
¢ ot 2 Ale ¢ )5t

J i=1 J

5
0. g g
+xjg Z lz_(ev !m__e" t/n}

i=1

_ Z ,1 (ev tn v t/n) g

Thus,

. , : Og
— A 1 (v—vﬁ).x,n i hi-2y
a=T A )| e+ 52 |

i=1

On the other hand,

&_ ¢ S (tyTel
o L5 (y—ef)!(n n
yze

~—
AN
-
-
-

7! 5)'

1 ST elX
—- Oyren®)
n 2 y

- $
veL,

Since

i 0 x
1_e(v'—v°)-t,«’n___ . Z (vi—v )a 1
ol n)’

xeZ’,
x#0

Z i,(l —e("'—vo)-t/'n) [:(xj_ vj,) g+§§:|
l
Shoofa)] 0w (1)

al Bl \n»

i=1

Ai Z (U]i'_xj)S;(x)_

f1

2#0
-S4y ¥ [(v x5 S0 — Shel) )]
i=1  yeZ) B<y
B#y

Comparing the above expression with that of 0Jg/d¢;, we immediately
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obtain the recurrence relation in Theorem 1. Hence, we have established

Theorem I.
When T= {(x;, x,): 0<xy, x,<1 and 0<x, +x,<1}, the recurrence
relation is the same as the one obtained by Stancu in [67].

Proof of Lemma 1. By using the Newton interpolation formula,

¢ty =3 [0;] get(t—1) - (r—i+1).

i=1

Thus,
o, - oy=0f =[] af
i=0
5 B, )
“T1( S 10571 ppate—1) (a,—/+1))
i=0 \j=1
= Z [O’ ’))]] ¢ﬁ/‘xj(a_,_1) (aj_yj-i_ 1)
y<B j=0
yz=tif ,#0
Hence,

> [T [0;7,]dgnn—1)---(n—Iyl +1) 4"
y<p =
}y?lifﬁﬁ&oj °

We now need to show that [T;_, [0; 7] ¢4 is a positive integer. This can
be done by using an induction argument. We leave the details to the
interested reader. Actually, this fact follows from Lemma 2. Thus, we have
completed the proof of Lemma 1.

Proof of Lemma 2. We use induction to prove this lemma. It is clear
that |Pj|=1 and |P{*'|=1. We may assume that |P/|=[0;i]¢, for
1<i<j<k. For [Pf+!|, we consider [0;/] ¢, . ;. By a property of divided
differences and induction hypothesis,
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[0;/] ¢, = z [0; /1 6kl k] 8,

=[0:/1—1]¢,+10;1]16,!

=|P{_ || +1|P]|

={y, ol {k+ 1}y, 0 I )ePE
U{(Il,.,lj,.. I,)I [U(k—i-l} (I, ... Iye P}

=P

Thus, we have established C sz |P¥| by the mathematical induction and
hence, the conclusion of this lemma.

Proof of Theorem 2. For any ye Z°, with |y] =2, we decompose y into
multi-integers m(i) of length 1, i=1, .., |y, ie, y=m{1)+ - +m{]y'}
Then

1

S = T (= x) By
]z]=‘n
12 ) 7
= Y (=Y o,(v/=x)} B})
ja=n N\ ;20
o:el"j
1 17l s )
= (Z oy {v/—x )’”‘")B (2)
P m—n i-1\/=0
ozEZ’:
1 5
=W Z Z &; X
lxl::fl e by =0
X(V[!—X)y'l(l)--‘(Vl‘7" \m(I,I)B( )
=W Z z &y ey,
ik =0 Jaj=n

161 s+l

X B, (A) (v —x )™ L gyl — xymvD

K
— Blit, 831}
=5 L 3 )
s ] =0 7 < Bl N

w2 Lif Bl i =0

xn(n—1)---(n—nl+1)

% lﬂ(vil _ )m(’l (vq )m(lyl)

by using Lemma 1. Here f(iy, .., i;,))=e" + .- +eeZ5 !,

640 70 2-8
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By Lemma 2, we may rewrite the second summation of the above
expression with respect to the tensor product of partition collections of
B(i,, .., i) and interchange the order of summation of the above expres-
sion to get

nn—1)---(n—k+1)

(b4 7l
n k=1 g4 fkeZ’, n

.....

X Y AV —x)F A (v —x)B

nn—1)---(n—k+1)

nlvl

<1 <,-Z i,-(vi—x)”'). ()

Indeed, the summation 3; , _, can be arranged in such a fashion that
for 1<k<min{s, |y}, i, .., i, are divided in k groups and each of them
varies from 0 to s independently and is not equal to the other groups. Then
we use Lemma 1 and Lemma 2 and interchange the order of the summa-
tion. For example, for k=1,

5
Z. Z oy - - l|,|

Z:+l

X B (A)(vt —x)™V) ... (vl — x)m(7D

i |P'”|n(n—1) (n—k+1) A5(v/ —x)

Mopn—1)---(n—k+1) &
= nivl
k=1

Z |Plvl| lk( )}'

j=0

(v —x) +n(n

Z [P A2V — XY + -

Note that the first term above is one of the terms in (). For k£ = 2, consider
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5
7 Z ail '..a[H

e 1
= =iy =0 aeZ’f
i1# i la] =n

X B (A) (v —x)™) (i x )

1
= Y ¥ oc,-oc]‘.“‘l

i=0,j=0 |oj=n
i#j  acz!

X Ba(,{)(vi_x)m(l) (Vj—x)y_"‘(l)

1 R
_ 1 Iyl —1
=0 3 Y PI®PI
T im0,j=0 (Li)y<(L |yl=1)
it

x LiAkn(n—1)--- (n—k)(v' —xy™" (v/ —x)7 0

) (k) g iy

vl
k=1 n? i=0.,=0
i%)
X A A5 (v —x)") (v —x)r Ty
nn—1) ¢ , .
- ) (. —m(1)
== Yo LA =X)L
i=0,j=0
i)

We can divide iy, ..,, i}, into the other kind of the two groups and find the
corresponding summation. There are [P} possibilities of such partitions of
indices iy, ..., i;,;. Thus, the second term in the summation for k=1 comes
into play with the first term in the summation for £ =2 to become

n(n—1 u . . 2

(_____) z Z .l,-(v’—x)ﬁ‘ Aj(v’—x)ﬁ,

7l
e p=y i=0j=0

which is one of the terms in the expression (). These justify some of the

terms in (*). Similarly, we can verify the remaining terms. This completes
the proof.

Proof of Theorem 3. Since fe C**(T), we expand f{x,) at x in Taylor
polynomials

2k—1 1

. Lo
f(x,)= P j—!Dx,_xf(X)erDx,ﬂj(lh)

1
= Y = D(x)(x,—x)*

Il 2k

1 -
1 (PRS0 = DI J0x).



240 MING-JUN LAI

for some intermediate point y,. Thus,

Sll
B.(fix)—f(x)= Y, y_D)f() f:)
vl <2k
1
) 21 Y (DY (Y,)— D (x)) (X, —X)? B,(4).
lyl=2k 7" |a|—-nl

Now we apply Bernstein’s argument to the second term of the above
expression. Indeed, we consider

Y+ Y (D) - D)X, —x)" B,(4)

|xg — x| < |xy—x| 20

and estimate each of the above two terms separately:

YoI<e Y 1(xe—x)'| By(4)

|xg— x| <& lef=n
|xy— x| <o
<e ), lIx,—x[3* B,(4)
la| =n
=& 3, [(x,—x)-(x,—x)]* B,(1)
|| =n

(i 5 a,am(v’—x)i(vm—x),-)kBmm

i=1 lm=0

Il

(1]
1
i
| —

5

= % Zs: Z Z o, e 0y Bo(4)

k=1 Hyewnig=0 |x|=n
% (V” )m(jl) ( x)m(jl) L. (Viz"" _ x)'"(jk) (vi% _ x)m(jk)

5 5

=g Z Z Z Cf’(il ,,,,, iz)

Jowms k=1 i1y izg=0 < B, f2k)
2 if Blig, . k)50

Xn(n_l)"'(n Inl +1) i _x)m(jl)

AM(vh
(

X (Viz _ x)'”(jl) ... (viy(—1 _ x)m(jk) (vizk _ x)mu’k)'

Here, m(i)=e’e Z°, is a standard unit vector with 1 in the ith component
and O otherwise, i=1, ..., s

Let y(ji, o fe)=2m(j)+ --- +2m(j,)eZ’ . As in the proof of
Theorem 2, we rewrite the third summation in terms of the tensor product
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of partition collections of f(i,, .., i) and interchange the order of the
second and third summations of the above expression to get

: nrn—1)- -{(n—i+1)
T <o 3 )
e xl <8l Jide=1 BL..fe?, 7

Bl oo 4 B =1, k)

ly,.nli=0
: nn—1)---(n—i+1}
=é z Z per
Jissfi=1 B ﬁ’eZ‘

Here we have used the fact that 3°5_, 4,(v'—x)™' =0 for any j=1, .., 5.

Hence,
i
Le0f — 1.

Furthermore, letting M, :=2 max{|D*/|, s}, we have

)

fxy—x| =38

)

|xy— x| < &

5” Y (X = X)) 1%, = XI2B,(2)

lel =n

Z [(xy— %) - (X, — x)1*"" B(4).

):xl—n

As before, we can prove

1
5 [(x;x)-(xa—x)]k“Ba<z>=0(———).

k+1
laj=n #

With these two estimates and an application of the corollary of
Theorem 2, we obtain the result of Theorem 3.
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